In this paper it is proposed to compute the volume integral of certain functions whose antiderivates with respect to one of the variates (say either x or y or z) is available. Then by use of the well known Gauss Divergence theorem, it can be shown that the volume integral of such a function is expressible as sum of four integrals over the unit triangle. The present method can also evaluate the triple integrals of trivariate polynomials over an arbitrary tetrahedron as a special case. It is also demonstrated that certain integrals which are nonpolynomial functions of trivariates x; y; z can be computed by the proposed method. We have applied Gauss Legendre Quadrature rules which were recently derived by Rathod et al. 
Introduction
Volume, center of mass, moment of inertia and other geometric properties of rigid homogeneous solids frequently arise in a large number of engineering applications, in CAD/CAE/CAM applications in geometric modelling as well as in robotics. Integration formulas for multiple integrals have always been of great interest in computer applications, a good overview of available methods for evaluating volume integrals is given by Lee and Requicha [2] . Timmer and Stern [3] discussed a theoretical approach to the evaluation of volume integrals by transforming the volume integral to a surface integral over the boundary of the integration domain. Lien and Kajiya [4] presented an outline of a closed form formula for volume integration by decomposing the solid into a set of solid tetrahedra. Cattani and paoluzzi [5] gave a symbolic solution to both the surface and volume integration of polynomials by using a triangulation of the solid boundary. In a recent paper, Bernardini [6] has presented explicit formulas and algorithms for computing integrals of polynomials over n-dimensional polyhedra by using the decomposition representation and the boundary representation of the polyhedron. Rathod and Govind Rao [7] derived explicit integration formulas for computing volume integrals of trivariate polynomials over an arbitrary tetrahedron in Euclidean three-dimensional space. They proposed two different approaches; the first method evaluates this volume integral by mapping the tetrahedron into orthogonal unit tetrahedron and the second method computes the same integral as a sum of four integrals over the unit triangle. The present work enhances the second method by considering the evaluation of some functions by use of the well known Gauss Divergence theorem.
Problem statement for present work
Most computational studies of triple integrals deal with problems in which the domain of integration is very simple, like a cube or a sphere, but the integrand is complicated. However, in real applications, we confront the inverse problem: the integrating function f ðx; y; zÞ is usually simple; but the domain is very complicated. Hence in this paper and in other previous works [4, 6] an attempt is made to obtain practical formulas for the exact evaluation of integrals.
where P is a three-polyhedron in R 3 and dV is the differential volume. The integrating-function is a trivariate monomial
where a; b; c are nonnegative integers or f ðx; y; zÞ ¼ oF ox ; or f ðx; y; zÞ ¼ oF oy ; or f ðx; y; zÞ ¼ oF oz
:
However the paper is focused on the calculation of the following integral:
where f ðx; y; zÞ ¼ , for some suitable function F and V is an arbitrary tetrahedron with four vertices (x i , y i , z i ), ði ¼ 1; 2; 3; 4Þ. Two different approaches are possible. The first approach is direct and it transforms an arbitrary tetrahedron into an orthogonal tetrahedron by means of a mapping. The second approach is based on the fact that certain triple integrals can be reduced to surface integrals by use of the well known Gauss's divergence theorem. This paper is concerned with the second approach.
Volume integration over an arbitrary tetrahedron
In this section, we first obtain the volume integral of a scalar function f ðpÞ ¼ f ðx; y; zÞ (a; b; c are positive integers) over an arbitrary tetrahedron by transforming it to an orthogonal unit tetrahedron. That is we are actually interested in evaluating
where V is an arbitrary tetrahedron in the x; y; z Cartesian coordinate system.
We have, over the unit orthogonal tetrahedron V = h(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 1, 0)i in the n; g; f Cartesian coordinate system. The volume (natural) coordinates are related to Cartesian coordinates by the well-known relations [7] x
where ðx i ; y i ; z i Þ refer to the Cartesian coordinates of vertex i of the tetrahedron. Letting 
If we consider the mapping (see Fig. 1 ) between the three dimensional space ðX ; Y ; ZÞ and the three dimensional space ðn; g; fÞ by the parametric Eq. (3), we have for the volume element
So, if we change the coordinates according to Eq. (3) and express consistently the volume element, we obtain
; g; fÞ; yðn; g; fÞ; zðn; g; fÞdn dg df:
where V is the unit orthogonal tetrahedron ð0; 0; 0Þ; ð1; 0; 0Þ; ð0; 1; 0Þ; ð0; 0; 1Þi h . 
Surface integration over an arbitrary tetrahedron
Theorem 1. Let V be a three-dimensional linear tetrahedron bounded by a tetrahedral surface S. Then the structure product over a liner three-tetrahedron (linear arbitrary tetrahedron in three-dimensional space) is given by the equation , for some suitable function F. Then it follows that from the transformation: and these quantities (12a)-(12c) are constants. Using chain rule of partial differentiation described above in Eq. (8), now we can write. , for some arbitrary function F and as a particular case F ¼ and as a particular case F ¼ with t ij ¼ t i À t j ; t ¼ x; y; z; i; j ¼ 1; 2; 3; 4 is the affine transformation which maps a linear arbitrary tetrahedron in ðx; y; zÞ coordinate system into an orthogonal tetrahedron in the local coordinate system ðn; g; fÞ. 
where D ijk means the triangular surface formed by vertices i; j; k: Thus we can write where n 1 ; n 2 ; n 3 and n 4 are outward pointing unit normal vectors to S 1 ; S 2 ; S 3 and S 4 , respectively. By considering the projection of S 1 on ng plane, and the equation of surface
Similarly, we can show that
Substituting Eqs. (15) and (16) into (14) we obtain
From Eqs. (11) (12) (13) and (17) we can show that We note that if we take F ¼
and clearly f is a monomial term which is already considered in Rathod and Govinda Rao [7] , and in this case 
Application example
We consider some typical integrals with known exact values.
Evaluate
" # dg dn ¼ 0:0208333333333333:
where V is the tetrahedron spanning the vertices ð5; 5; 0Þ; ð10; 10; 0Þ; ð8; 7; 8Þ; ð10; 8; 
Using Eq. (17), we get
In general, we can show that
Formulation of integrals over a triangular area
The finite element method for two dimensional problems with triangular elements requires the numerical integration of shape functions on a triangle. Since an affine transformation makes it possible to transform any triangle into the two dimensional standard triangle T with coordinates (0, 0), (0, 1), (1, 0) in Cartesian frame, we have just to consider numerical integration on T. The integral of an arbitrary function, f, over the surface of a triangle T is given by
It is now required to find the value of the integral by a quadrature formula:
where c m are the weights associated with specific points ðx m ; y m Þ and N is the number of pivotal points related to the required precision. One such accurate method known to the present authors is based on 13 integration points [8] and it does not appear likely that this technique will be extended much further to give a greater accuracy which may be demanded in future. The other method is the approximation of I by product formulae [9] which is of the type (27) based on the roots and weights of Gauss Legendre and Gauss Jacobi polynomials. The precision of these formulae is limited to polynomials of degree seven; this is because the weights and roots of Jacobi polynomials are not tabulated in standard texts for sufficiently higher degree polynomials. The product formulae proposed in this paper and in the recent works [1, [10] [11] [12] [13] are based only on the roots and weights of Gauss Legendre polynomials. The integral I of Eq. (26) can be transformed into an integral over the surface of the square: fðu; vÞ j 0 6 u; v 6 1g by the substitution:
Then the determinant of the Jacobian and the differential area are 
Then on using Eqs. (28) and (29) in Eq. (26), we have
The integral I of Eq. (30) can be further transformed into an integral over the standard 2-square: fðn; gÞj À 1 6 n; g 6 1g by the substitution
then clearly the determinant of the Jacobian and the differential area are 
Eq. (33) represents an integral over the surface of a standard 2-square: fðn; gÞ j À1 6 n; g 6 1g. Efficient quadrature coefficients are readily available in the literature so that any desired accuracy can be readily obtained [14] .
From Eq. (33), we can write
f ðxðn; gÞ; yðn; gÞÞ 1 À n 8 dn dg;
where n i ; g j are Gaussian points in the n; g directions, respectively w i and w j are the corresponding weights. We can rewrite Eq. (34) as:
where c k ; x k and y k can be obtained from the relations:
. . . ; nÞ; ði; j ¼ 1; 2; 3; . . . ; nÞ:
The weighting coefficients c k and sampling points ðx k ; y k Þ of various order can be now easily computed by formulas of Eqs. (35) and (36). We have listed here a C-Program which generates c k ; x k and y k and then computes the integral R R T f ðx; yÞ dx dy.We have also given the sample output of the C-Program for n ¼ 2; 3. [10] ; int k, i, j, n; clrscr ( ); printf ('' input nnn''); scanf (''%d'', &n); printf (''enter %dp valuesnn'', n); We can now evaluate the triple integrals I 1 ; I 2 ; I 3 ; I 4 ; I 5 by application of the numerical integration rule of Eq. (27). We find excellent convergence to the exact value in each case. The results are summarized in Tables 1  and 2 .
Conclusions
This paper proposes to compute the volume integral of certain functions whose antiderivates with respect to one of the variates (say either x or y or z) is available. Then by use of the well known Gauss Divergence theorem, it can be shown that the volume integral of such a function is expressible as sum of four integrals over the unit triangle. The present method can also evaluate the triple integrals of trivariate polynomials over an arbitrary tetrahedron as a special case. It is also demonstrated that certain integrals which are nonpolynomial functions of trivariates x; y; z can be computed by the proposed method. We have applied Gauss Legendre Quadrature rules [1] to evaluate the typical integrals governed by the proposed method. The results obtained are in excellent agreement with the exact value. 
